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Number- and operator-valued energy differences in von Neumann algebras are discussed by 
means of the Tomita-Takesaki theory. Small energy differences can be evaluated by the anti-
commutator of a sort of relative entropy operator and the energy operator. The New-Tamm-
Dancoff procedure is studied in terms of the standard form. 

§ 1. Introduction 

Given two nearby lying states of a m a n y - b o d y 
system, each one involving m a n y one-par t ic le con-
tributions, it would be very inconvenient to express 
the difference of the energies of these states as a 
difference of absolute energy values. Small errors in 
the absolute values could drast ical ly change the d i f -
ference. In cases where the energies are inf in i te , 
their difference makes no sense at all. 

At this point Dyson [1] p roposed the " N e w 
T a m m - D a n c o f f f o r m a l i s m " ( N T D ) . He m o d i f i e d an 
approximat ion p rocedure of T a m m [2] and D a n c o f f 
[3], the mathemat ica l content of it be ing an app rox i -
mative de te rmina t ion of the e igenvalues of a Schrö-
dinger equat ion by the m e t h o d of R i t z -Ga le rk in [4], 
- In the f r amework of sol id-state physics N T D has 
been discussed by Wahl and coworkers [5. 6. 7], 

In the spirit of Dyson we here take N T D as an 
idea to look for a convenient re fe rence state with 
respect to which energy d i f fe rences should be cal-
culated. In high energy physics the po la r i zab le 
vacuum is such a reference s tate ( " D i r a c sea") . 
Referring to it avoids the inf in i te self -energy of this 
state. In solid-state physics, for e x a m p l e in the case 
of a semiconductor , the comple te ly fil led valence 
band can serve as a reference state ( " F e r m i sea") . 
Excitations with respect to the valence b a n d 
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produce already in low order such relevant f ea tu res 
as polarons, exc i tons , . . . 

The theory of von N e u m a n n a lgebras is a usefu l 
f r ame for a discussion of these physical p rob lems . 
Here infinite energy constants can be c i r cumven ted 
by an appropr ia te choice of the represen ta t ion of 
the algebra of observables. T h e emergence of 
inequivalent representat ions admi t s for pos ing well 
physical divergency problems. 

There are some relations be tween N T D and the 
s tandard form of von N e u m a n n a lgebras which 
have been used implicit ly in the p reced ing s tudies 
[4 -7] , In part icular the d i f fe rence H a m i l t o n i a n 
(10.8) in [7], 

H :=/?J( i /*. u) = /?(/; *, i v), (1) 

arising in the structural analysis of N T D [4], is 
nothing but a s tandard imp lemen ta t i on of t he t i m e 
evolution generator. Moreover the use of a gener-
ating vector ((7.7) in [7]) impl ies a f a i th fu l s tate 
which specifies a s tandard representa t ion . 

In the de te rmina t ion of the d i f f e rence of the 
energy expectation values in two states ip, i// we will 
employ the relative m o d u l a r ope ra to r (J^, , „ ) 1 / 2 of 
the Tomita-Takesaki theory, and a related o p e r a t o r 
R (tp/if/) introduced in [8]. 

For concreteness we exhibit our m e t h o d in the 
model of a semiconductor . W e use the no ta t ion of 
[6] developed for many-body systems and app l i ed 
in [7], 

§ 2. Mathematical ingredients 

Let M be a IF*-algebra and t// a f a i th fu l e l ement 
of A/„+. the set of posi t ive normal l inear fune t iona l s 
of M. Then the GNS- rep re sen t a t i on NV of M with 
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respect to yj, nv(M) = 90?, is a von N e u m a n n algebra 
acting in a Hilbert space 9ft being i somorphic to 
M. Let SP e W be the cyclic and separat ing vector 
corresponding to the funct ional yr. 

yj{x ) = (V,nv{x)V), xeM, 

where (% •) denotes the inner product in Let 
(p e Then the relative modu la r involution S0 v is 
the closure of 

S 0 ^ x l F : = x * 0 , a G 9 f t , (2) 

and its polar decomposi t ion defines the unitary 
involution •/<*>, y, and the "relative modu la r 
operator" A,p_ 

S<p, v = ' J <t>, v (A (p. . v ) " 2 . ( 3 ) 

Aqv is positive and self-adjoint . If <P coincides 
with xf, we put S f / : = Si? y, J : = J i y ^, and call 
A if/: — A >f/ if/ the modu la r operator . The "natural 
positive cone" & c= is def ined as 

&:= {xJx x g 901} , (4) 

the bar denoting the norm-closure. If we choose 
another cyclic and separat ing vector XP' e of, we 
arrive at the same J and i.e. J and are 
universal. In the above situation, the quadrup le 
(9ft, ST, J, is called the "s tandard f o r m " of the 
von N e u m a n n algebra 9ft. - Let 9ft ' denote the 
commutant of 9ft. O n e of the main propert ies of von 
N e u m a n n algebras in s tandard form is the relation 

= (5) 

There exists a h o m e o m o r p h i c bijection c, 

(p e 9ft* + Q(<P) ='• ^ (6a) 

between the positive normal l inear funet ionals of 9ft 
and the natural positive cone, such that 

(p{x) = {0,xd>) , x e 9ft . (6 b) 

Let y/e 9ft* + be fa i thful , and V e& the represent-
ing cyclic and separat ing vector. The modu la r auto-
morphism group with respect to yj is def ined as 

(7 ?(x):=(AV/)i'x(AV/)-", x e 9ft , te IR . (7) 

Let (p be another fa i thful element of 9ft*+, and 
{of}ie R its modu la r au tomorph i sm group. Then 

there exists a family of unitary operators (D(p:D y/)t, 
t G IR. strongly cont inuous in t, such that 

(D<p:Dip)lar(x)(D(p:Dip)* 

= o'f{x), x G 9ft , t e R : (8 a) 

(D(p:Dy/),e 9 f t , t e R : (8b ) 

(D(p:Dy/)l=(A0,v)i'(Ay)-i', te IR . (8c) 

The (strong) t ime derivat ion of (D tp\ D yj), at t = 0, 

R{<p y/) :=\im-{(Dtp: Dy/)t- H}, (9) 
o t 

defines in a Hilbert space Jf a se l f -adjoint opera tor , 
affiliated with 9ft [8]. 

The standard form has been established in [9, 10], 
and the unitary cocycle has been in t roduced by 
Connes [11]. A comprehens ive t rea tment of this 
material can be found in [12, 13]. 

In the following we assume that a concrete 
physical system can be described by a (cr-finite) von 
Neumann algebra 9ft in s tandard form, and its states 
by the positive normal linear funet ionals on 9ft. 

§ 3. Difference of general energy expectation values 

Given a von N e u m a n n algebra 9ft in s tandard 
form (9ft, J, 0s), and a Hami l ton ian H acting in 
the Hilbert space W, we are interested in the di f fer -
ence of the energy expectat ion values 

coi¥:=<p{H)-y{H) (10) 

for states cp, yj. If H is unbounded it may h a p p e n 
that (P or ¥ do not belong to the doma in of H, so 
that tp(H) or y/(H) do not exist. Nevertheless 
could eventually be def ined even in such cases. 

X 

L e t / / = J / EH{DÄ) be the spectral resolut ion of 
-00 

H = H*. Def ine the bounded opera tors 

/ / „ : = J >.E"{DÄ), RJ>0, ( 1 1 ) 

such that H= lim Hr. If 
T) —* OC 

lim { ( p i H ^ - v i H , ) } (10') 
q-* oo 

exists, the values ± oc included, this def in i t ion is an 
extension of (10) to more general states cp, y/, and 
Hamiltonians H. 

Now we would like to evaluate the energy di f fer -
ences (10') by one single expectat ion value: 



Proposition 7: Fo r an a rb i t ra ry state tp e W * + and 
a fai thful yj e 
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hence 

< o » v = lim ( ^ . { ( A ^ ^ H ^ A ^ ) 
>7-x 

H r , } • 

For arbi t rary (p\, <p2 E 9JI * 

= lim <«F, { ( J * ^ ) 1 ' 2 / / , ^ * ^ ) 1 

(12a) 

(12b ) 

Proof. The natural posi t ive cone is po in twise 
invariant under J [\2], 

JQ = Q , ß e ^ . (13) 

Now, for the represent ing vectors 0 , V e f cor-
responding to (p, ( / /defini t ion (2) impl ies 

0 = ( z ) ^ ) , / 2 , F , (14) 

and for bounded opera tors act ing in a 
we have 

<p(a)-y/(a) = (0, aV) (15) 

= {{A v)1/2 a (A 1/2 <F> - («F. a <F> 

q. e. d. 

If we linearize (zl # 1/2 = exp (log (zl $ 1 /2), the 
7?-operator becomes involved. 

Definition 2. Fo r a fixed fa i th fu l s tate \p E Hi* + , 
we call a fa i thful cp E + be longing to the " l inea r 
range of <P" if 

l o g { A 0 . y ) m V <k V , 

0 - (1 + lOg (A $ y/) 1/2) 

(16a) 

(16b ) 

Proposition3. Let (p, t / / e9J t* + be f a i t h fu l , and 
H bounded . H If tp is in the l inear range 
of (//. the energy d i f fe rence is given in first ( l inear) 
order bv 

— = - \ [R. H]+ <F> . (17) 

where [a, b]+ := a b + b a. 
Proof. The vector is invar iant unde r the g r o u p 

of unitaries (Jy/)" , t e IR. 

>o t 

(A*,)" <F= <F, (18) 

= lim - — ( A v ) " (Av)~" + — t \ V 

= - - R(<p 

< 0 . 7 / 0 > 

= <(11 + \ o g ( A 0 , Y ) U 2 l P . 

H(t + \og(Aw)m) *F> 

+ < | 0 - ( 1 + \og(A V}, / / 0 > 

+ ( ( 1 + lOg (Zl y/) 1/2) W, 

/ / ! 0 — (11 + log (A $ y/)] /2) <F}> 

By the Cauchy-Schwarz inequal i ty we h a v e 

4 = ! {(log (A y)1/2 «F. 77 log ( z l „ ) 1 / 2 

+ < [ 0 - ( l l + l o g ( J ^ ^ ) ' / 2 ) , 7 / J , / / 0 > 

+ <(H + log (z l 0 . v , ) 1 / 2 ) tF. 

/ / | 0 - ( 1 + l o g ( z l 0 . v / ) , / 2 <F}>} 

^ H { log (zl y)]/2 2 

+ 0 0 - (1 + log (zl 0 <f>)1/2) V 

+ (H + l o g ( z l 0 . ^ ) 1 / 2 ) ^ 

• 0 — (1 + log ( J 0 y/) U 2 ) l p j 

« H log (A y)1/2 f 

• { <F + 0 + «F 

+ log (zl^, ^ ) 1 / 2 V } . 

Therefore . J is an order of m a g n i t u d e smal le r t han 
<<F. [7?. 77]+ <F>, and we have 

< 0 . / 7 0 > - < « F . 77<F) = - j < , F , [7?. / / ] + q . e . d . 

in first order. 

Remark 

Imposing addi t ional condi t ions . P ropos i t ion 3 can 
be extended to u n b o u n d e d Hami l ton ians . and m o r e 
general pairs of states. In par t icu lar 

<<F, [R. 7 / ] . «F> = <7? H <F> + </7 «P, 7? <F> 



exists (in the l inear range where e(R)) fo r 
V E 2 {H). 

§ 4. Energy differences under an abstract 
thermodynamical aspect 

In this pa ragraph we discuss the fo l lowing th ree 
cases: 
1. Evaluate the energy d i f fe rence of two equ i -

l ibr ium states. 
2. Given an arb i t ra ry Hami l t on i an H in a Hi lber t 

space Construct a reference s tate with energy 
expectation value zero. 

3. Look for special pai rs of states which m a k e the 
" the rma l " part of an energy o p e r a t o r vanish. 

We adop t the point of view that t he r e is inheren t in 
each state an internal dynamics ruled by the 
modu la r a u t o m o r p h i s m group {a f} , e R . So the 
specification of a state au tomat ica l ly impl ies the 
specification of the internal par t of the dynamics . 
We identify - l o g z l y / with the internal energy 
" f rozen" in the state yj. This in t e rp re ta t ion is 
suppor ted by the fact tha t in the K M S - e q u i l i b r i u m 
(a concept which general izes the canonica l G i b b s 
ensemble - see [12]), where total energy and 
internal energy should coincide, t he H a m i l t o n i a n is 
given by —log Ay, for >9=1 (see [14]). T h e r e f o r e a 
general energy ope ra to r H for a system in a non-
tracial state (//should be given as 

Hn = -\ogAy+Rn, Rr=R*eWl, r\ > 0 . (19) 

The //-cut-off for R is in t roduced to h a n d l e d o m a i n 
questions (O (H^) = */" (log zl y)). N o w R descr ibes 
the mechanical par t of the system u n d e r cons idera -
tion, or - in a t he rmodynamica l l anguage — its f r ee 
energy [14], We have pu t / ? = 1, so the d imens ions of 
energy and entropy are the same. 

1. T h e o p e r a t o r o f r e l a t i v e e n e r g y 

Let cp, (// G ÜJijjc + be fa i thful . A s s u m e that t he 
system goes (by an ou te r man ipu l a t i on , d i s r ega rded 
here) f rom a KMS-equ i l i b r ium in the state y/ to a 
KMS-equi l ib r ium in the state cp. T h e n the t i m e 
evolution of the system is at first g iven by {ÖT},6R, 
and then by { a f ) , e R . W e are in teres ted in the 
change of the energy opera to r wi th respect to SJJI, 
described by the "d i f f e r ence evo lu t ion" 

From a given t ime evolut ion 

a, (A) = U, A- U* , A e l , t e R , ( 2 1 a ) 

where U,\ X f i s a fami ly of uni tar ies , s trongly 
continuous in t i-> U,, t e R , we can recover the 
energy opera tor by the t ime der iva t ion of U, at 
t = 0: d 

( 2 1 b ) 
/=0 

///:=— U, 
dt 

Applying the relations (8) to the d i f f e r ence evolu-
tion ad . measur ing ( f with respect to o v , we get 

a?(x) = (D (p:D y/)tx(D <p:D y/)* , 

A e H i , t eR. ( 2 0 b ) 

Therefore the change in the energy opera to r , wi th 
respect to Hi, results to be 

= -R((p/y,). (22) -i —[Dtp. Dys), 
at t=o 

2. T h e s t a n d a r d r e p r e s e n t a t i o n o f 

Let an arbi t rary Hami l ton ian H = H* in a separ -
able Hilbert space ^ b e given. N o w we a s s u m e tha t 
the reference state is not yet f ixed a pr ior i . W e will 
construct a s tandard representa t ion SD? of the 
s tandard implementa t ion IH of / / , and a state y/ of 
Hi so that i//(IH) — 0. Then the d i f f e r ence of the 
energy expectation values in an a rb i t r a ry f a i t h fu l 
state tp G Hi* + and in yj is 

)M = V ¥ p ( M ) - < p ( l H ) = p ( lH) . (23) 

Therefore the expectat ion value of an abso lu te 
energy, which is not observable a pr ior i , can be 
interpreted as an energy d i f ference . 

Choose a complete set of l inearly i n d e p e n d e n t 
elements in the dense d o m a i n ^ ( H ) of / / , and app ly 
the Gram-Schmid t o r thogona l iza t ion p r o c e d u r e to 
get an or thonormal ized basis {^k)k=\.2,... in ^ 
V k E S i H ) . Def ine 

0= Z 

.vr 

J 

Hi 

k=\ 

= 0 , ® 0 2 G 0 2 ® 0 f G 

= {a ® t G .%{.yf) a G ; 

(24.1) 

(24.2) 

(24.3) 

(24.4) 



with a set of posi t ive nonzero pk such that 
X 

Z 
k = 1 

//:= \ xJx V x e 9ft! c j r . (24.6) 

Proposition 4. (a) T h e ope ra to r J is the uni tary 
modu la r conjuga t ion for the vector f which is cyclic 
and separating with respect to 9ft. Hence (DJ?. .y, J, 
is a s tandard representa t ion 

(b) M\= H ® t — J(H ® t)J is the s t anda rd 
representat ion of H. 

(c) y/(IH) = 0. whe re y/(x) := .v ¥ ) , x e 9ft. 
In the proof of this propos i t ion we need the 

following results. 

Observation 1: 

(/. (P + (P')c = T.<PC + 0 ' c , /. e C , (P. 0 ' e H. (25a ) 

The transposit ion with respect to the basis 

fl6J(/), /. / ' = 1, 2 , . . . . 

Observation 2: 

(aVi)c= a*TlP,, « e l f / ) 

(26) 

(25 b) 

Proof: 

(a'PiV^Via'F!. <Fk) <Pk 
k 

= Z ('Pi- a * n > Vk 
k 

= Z < v t , 0 * 7 > / > n 

= a * T l Pi . q.e.d. 

Observation 3: 

(a(P)c = a*T&c, a e l W , (25c) 

/Voo/: 

( ^ / 0 ) c = z < 0 , n > ( a n v 
A = 1 

= « * r z <0.n> n . 
A- = 1 

= a*T&c. q.e.d. 

Proof of Proposition 4: 

(a) 

< 7 0 , ® 02,JQ\ ® ß 2 > 

= ((PC
2® 0\MC2® ßl> 

(i) 

= Z < n > 2 > ß 2 > w > 
A:, A r ' = 1 

• Z 0 i > < y / s ß 1 > < y / , 
/./'=1 

= < ß 2 , 0 2 > < ß , , 0 , > 

= < ß , ® ß 2 , 0 1 ® 0 2 > . 

(ii) y 2 = n . 

(iii) ® t)J 0 , ® 0 2 = J{a ® H) 0 ^ ® 0 f 

= Ja<P2® <P\ 

= 0 , ® ( f l 0 S ) c 

= 0 , ®a*T(<Pc
2)c 

= ( i ® a*7") 0 , ® 0 2 , 

where we used (25 c). T h e r e f o r e 

J9ftJ = 9ft ' = <H ® ae.%(r) a e l ( ^ } • (27) 

(iv) JlP=V\ ( V < o c =>Ve r ) . 

(v) < ( a ® H ) y ( ö ® H) 
X 

= <(o ® i) (i ® r) z v* ® Vt, 
k= 1 

x 

Z ® n < > 
k'=\ 

x 

= Z P k P k ' ( ( f / k ® a * T t P k , a * ^ ® ^ k ' ) 
k,k'= 1 

x 

k.k'=\ 

= Z P k P k ' i V k ^ ^ k ' X n , « * 1 ? ^ } 
k.k'= I 

(vi) Supposed (er ® 11) lP = Z (« ® ^k = 0, 
k 

a e .yi(y) . Since all a re nonzero and posit ive, it 
follows that (o ® = 0 for all A:. But ( n ! is a 
basis, therefore a = 0. So V is separa t ing for 9ft. 
Similarly it follows tha t f is sepa ra t ing for 9ft ' , 



hence cyclic for sDi (and SDF) (see Proposi t ion 2.5.3 
in [12]). 

By Theorem 1.7 in [15] J is the un i ta ry m o d u l a r 
conjugat ion for a cyclic and separa t ing vector *F if 
and only if ( i ) - ( v ) are sat isf ied. 

(b) 

( i ) e i ( H ® l ) , - U ( H ® l ) J t ( a ( S ) t ) 

. e-i(H®\)t + iJ(H<3\)Jt 

= e,w®i )>je-nH®*)tJ{a®t) 

. e-i(H®i)t j ei(H®\)t j 

= ei(H®\)t^a ^ e-i(H®\)t 

= (eiHl a e~iH') ® H , ö®HeOR. 

(ii) Given 

= (ei,Ha®t)J(e~i,H a® 11) e & . 

(iii) 

JMJ = — IH . (28a ) 

JeiK,J = eiK^ ( 2 8 b ) 

By Corollary 2.5.32 in [12], 

(.v ® H) i—• eiMl{x ® H) e~iM', x ® t e ÜÖI, / e R 

implements canonically the a u t o m o r p h i s m 

.v h> eiH' xe~iHl, .ve.!)"1), / e R 

in the s tandard representa t ion sJJi of i.e. IH 
is the s tandard represen ta t ion of H. Obvious ly IH 
is self-adjoint. 

(c) 
(//(IH) = lim (//(IH,) 

tj~* 00 

= lim <<F, {//„ ® H - JH„ ® 117} <F> 
//-• 00 

= lim {<<F, ( 7 / , ® H) <F> - < ( / / „ ® H) <F, 

17-»oo 

= 0 . q.e.d. 

Remark: 

If the Hami l ton ian is given such tha t DH \= e~H is 
a trace class opera tor in i.e. t r ( D H ) < oo, then 
there exists a comple te o r t h o n o r m a l basis \Wk\ with 
H x ¥ k = Äk^k- Then we can represent the state 

a i—> tr (DHa), a e by the cyclic and sepa ra t ing 
vector 

X 

I e-'^-Vk® n : 
k= I 

^//(fl) := tr (Z)// a) 
X 

= Z <Vk,e~H a 
k=\ 
x 

= Z H)nl®n> 
AR= I 

x 

= Z e~Xk/2 e~Xk /2 (29) 

• <n ® n , ® n) n- ® n<> 
= (a ® H) , 

yjH satisfies the KMS-condi t ion with respect to the 
evolution 

a++e-iH'aeiH', re R (30) 

as a state on and with respect to the evolu-
tion 

a® t ^ e~'Ml(a ® H) eiMl, 

ö ® l e 9 J l , te R (31) 

as a state on SJR. The m o d u l a r ope ra to r for is 
given by 

A v H = e ~ " . (32) 

Therefore, if tr {DH) < oc, the K M S - e q u i l i b r i u m 
state \j/H on the s tandard represen ta t ion of is a 
natural reference state. 

We must stress the fact that in this subsect ion we 
have constituted the energy by the t ime evo lu t ion 
and a s tandard normal iza t ion , not by the H a m i l -
tonian! A given Hami l ton ian H obviously de f ines a 
t ime evolution, but not vice versa. 

For instance an addi t ive constant in H will be 
cancelled in IH. (This can be used in the discussion 
of renormalization problems.) The uniqueness of the 
Hamil tonian can be in t roduced if one agrees on a 
canonical implementa t ion of the t ime evolu t ion , 
such as the s tandard implemen ta t ion . - No t i ce tha t 
we use "Hami l t on i an" in the case of a closed, re-
versible system with a t ime a u t o m o r p h i s m g r o u p , 
whereas "energy o p e r a t o r " is unders tood in a less 
restrictive sense. 



3. P a i r s o f s t a t e s i n v a r i a n t 
u n d e r a p a r t i a l d y n a m i c s 

We come back to the case of an a rb i t ra ry von 
N e u m a n n a lgebra in s t andard fo rm, where a fa i th-
ful reference state y / G 9 f t * + and an energy 
operator H are given by (19), with a se l f -adjo in t 
operator R a f f i l ia ted with 9ft. W e are looking for a 
class of states with 

(p{\ogAv) = 0 , (33a) 
so that 

co%w= l im (—log Ar + Rn) 
r]-> 30 

- ( / / ( - log + R„)} 

= l im {<p(R„)-y(R„)}. (33 b) 

The following propos i t ion answer ing this ques t ion is 
taken f rom Theo rem 15.2 in [16] and T h e o r e m 2 
in [17]. 

Propositon 5. Let cp e 9ft*+ be fa i th fu l . Then the 
following condi t ions are equivalent : 

(i) cp(logAy) = 0\ 

(ii) (//(log z)$) = 0 ; 

(iii) tp(af(x)) =(p(x), .v G 9 f t , te R ; 

(iv) ip(af(x))=ip(x), x e 9ft , te R ; 

(v) of{of{x)) = o*{p1{x)), -v e 9ft , s,te R ; 

(vi) cp + i \p = cp — i <// 

( co means the absolu te value of co e 9 f t * ) ; 

(vii) cp (.v) = </? {P. x h «/'), JC e 9ft . 

for some posit ive se l fad jo in t h af f i l ia ted with 

9ft v: = {x e 9ft ip (x y) = ip (y x ) , y G 9Ji} 

= J A - G 9 5 ? a f ( x ) = x , t e R } ; 

(viii) ( / / ( A T ) = < / ; (P, A h (P >, .v e 9ft , 

for some posit ive se l fad jo in t h 

aff i l ia ted with 9ft„. 

Proof: 

(iii) => (i), (iv) => (ii): 

d 
log (Av)0 = -i—{Av)" <P ,=0 

d/ 
d 

= - 1 — C(cp ° o f ) ,=0 
d/ 
d 

- 0 . 

The second equat ion is known f r o m the s tandard 
implementa t ion of a u t o m o r p h i s m s (Corol lary 2.5.3 
in [12]). 

(i) => (iii), (ii) => (iv): follows f r o m the series 
expansion of the exponent ia l func t ion . 

The other s ta tements are covered by the above 
mentioned references. q.e.d. 

§ 5. Standard form and New-Tamm-Dancoff 
procedure 

So far we have discussed the p r o b l e m of energy 
differences in von N e u m a n n a lgebras which have 
been arbitrary, except in § 4.2. N o w we establish the 
relations with the N T D me thod . Before we re-
produce the results of the s t ructura l analysis of 
N T D f rom [4. 7, 18] we need a m o r e spec i f ic set up. 

A complex physical mode l usually starts with an 
assembly of a large bu t f ini te n u m b e r of e lementary 
objects. In solid state physics such e lementary 
objects are the relevant electrons of a crystal con-
stituted by the i r reducib le represen ta t ions of the 
Galilei group, if one works in the Gal i le i - re la t iv is t ic 
area. To have a de f in i t e f r a m e of discussion we 
describe these objects by opera to r s label led by 
numbers k of a set of modes , deno ted r. Let a* be 
the creation opera to r of an electron in the m o d e k 
acting on the an t i symmet r i c Fock space S r , and ak 

the corresponding des t ruc t ion ope ra to r , such that 

[ak. a*]+ - ökk' i , 

[ak,ak]+ = 0 . K k ' e T . 

Let Q 0 be the Fock v a c u u m . 

ak Qq = 0 , k e f . 

(34) 

(35) 

Denote the algebra of the canonical a n t i c o m m u t a -
tion relations (34) (CAR) , act ing o n . F , by 21. 

For calculating energy d i f fe rences wi th respect to 
an appropr ia te re ference state, Dyson [1] originally 
introduced the NTD-coe f f i c i en t s 

<P$0.x0(N' N) = (Vo,a*N'aNX0), A . A ' g F , (36) 

which distinguish the Fock space basis 

ct*saN'V0. (37) 

The vector 

* X= capital greek chi. 



describes the physical vacuum, and the vector / 0 the 
actual state of the system. He p roposed to use the 
difference equat ion ((6.1), (6.6) in [7]) 

(tP0,[a*N'aN,H]X0) 

= (EXo-Eyo)<V0,a*N'aNX0), (39) 

where H is the Hami l ton ian , and EXo, Ey0 e igen-
values of H for 

X0/ / 0 resp. Vo . 

The analysis in [4, 7, 18] revealed the equ iva l ence 
of (39) with (see ( 1 0 . 2 ) - ( 1 0 . 6 ) in [7]) 

e~u ' {HJ ® i - t ® Hiv+) (XA ® Viv.) 

= (EX0-Ey0)e-«l(X'®Vir+). (40) 

In this product space fo rmu la t i on of N T D the C A R -
algebra 51 is replaced by a C A R - t e n s o r - p r o d u c t 
5IU ® of two copies of 51, mutua l ly d i s t ingu i shed 
by the u- resp. f - n o t a t i o n of thei r e lements . T h e 
product Hilbert space is f o r m e d with the p r o d u c t of 
the Fock vacua of the single Fock spaces as 

.Vu := ( 5 I u ( * ) 5 l r ) ( ß M ® ß , ) . (41) 

"Fo. a n d (X0) , r* are Hi lber t space con-
jugations, up to uni tary equiva lence [6, 7], 

e~u v:= exp ( - X ukVk\ 
\ ker I 

generates the so-called " S y m a n z i k - t r a n s f o r m a t i o n " 
((10.2) in [7]). 

If we isolate 
<A"0 <8> <F0, {HT ® i ~ t ® H) XQ ® *F0> 

= (EXo - En) <X0® X0 ® «F0> (42) 

f rom (40) incorporat ing the an t i symmet r i c cha rac t e r 
of the tensor product as well as the con juga t ions to 
the Symanzik t r ans fo rmat ion , and in t roduc ing the 
transposit ion con juga t ion instead of H -*• HA, we 
can compare it directly with (12) which is shown as 
follows. 

Assume the vector *Fo e ^ t 0 be sepa ra t ing for 51. 
Let Dy0 and DXo be the densi ty mat r ices of the 
states 

x):=<y0,x*F0), 

Let {Yk) be the o r thonorma l e igenbasis of Dy0, wi th 
corresponding eigenvalues juk. T h e vector 

X 

X (43) 
k= 1 

represents the state 

x ® 1 ) : = ( V , x ® t V ) , x c 51 (44) 

in the natural positive cone of the s t andard repre-
sentation of 51 (see § 4.2). N o w we may rewri te (42) 
as 

Y/{{(DT
XO)M® T)(I ® DT[}0

/2) ( H t ® t ) 

•{{DT
XO)M® 1 )-{HT® H)J 

= ( E X o - E n ) ¥ ( t ) . (45) 

We have precisely arrived at (12) since (see [19]) 

Ax y= Dy J J , (46) 

where Dy, Dy are the densi ty matr ices of states / 
resp. y/ with respect to the s tandard represen ta t ion 
Hilbert space, and the s tandard represen ta t ion con-
struction of § 4.2 implies the ident i f ica t ion 

Dx=DT
Xo®t, JDyJ=t® Dy0. (47) 

It seems that the non-uni ta ry Symanz ik t ransfor -
mation c e . f „ ® h> e~uv f eyu® yv is un-
physically (see (11.2) in [7]) arising f r o m a pure ly 
formal manipula t ion. Instead of (40) one should 
take (42) as a physically relevant d i f f e r ence 
equation. 

The intention of the coeff ic ients (36) is the choice 
of an appropr ia te basis. But this can be d o n e by a 
unitary basis t ransformat ion . If the set of m o d e s F 
is finite, the one-part icle Hi lber t space under ly ing 
the Fock space 9~ is f in i te -d imens ional too, and it 
does not mat te r which basis we choose. H o w e v e r if 
we produce idealizations by l imit p rocedures , in-
equivalent representat ions of the canonical ant i-
commuta t ion relations emerge , and the choice of a 
basis does heavily mat ter . It has to be ruled by the 
specific physical ideal izat ion. - The ques t ion of 
t ransformat ions between two inequiva len t represen-
tations opens another category. 
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